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Abstract: In this paper, we proposed a Mathematical model
of Lassa fever disease dynamics. We developed a model using
a set of ordinary differential equations. The equilibrium
states were obtained and analyzed for stability. We
discovered that the zero equilibrium state is stable when the
birth rate of the human population is less than the death rate
and same when the birth rate of the mastomysnatalensis
(reservoir) is less than the total death rates.
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1. INTRODUCTION

Lassa fever is a zoonotic disease which is transmitted
from an infected animal to a human, but may also be
transmitted from person-to-person. The animal host of
Lassa virus is rat specie known as mastomy (mastomyn-
atalensis in particular). It can also be defined as a viral
disease that attacks the liver, nervous system, spleen and
kidney, causing them to bleed, hence the haemorrhagic
fever. It is an acute viral hemorrhagic fever (VHF) first
described in 1969 in the town of Lassa in Borno State,
Nigeria in the Yedseram river valley at the south end of
Lake Chad [4]. Lassa fever is a disease that occurs often in
the dry season because dust particles from dead rats carry
this virus are more mobile making it easy to inhale it. It is
an infection that is endemic inWest African countries of
Liberia, Sierra Leone, Guinea and even Central African
Republic and Congo DR. The fever is caused by Lassa
virus which belongs to the arena virus family, and
classified as group V(-)ss RNA. Approximately 15% 15%-
20% of patients hospitalized for Lassa fever die from the
illness. However, overall only about 1% of infections with
Lassa virus results in death. The fever is therefore
transmitted through exposure to infected mastomy (air
borne diseases or consuming contaminated food) and
through direct contact with the blood, urine, feces or other
body secretions of a person infected with Lassa virus, but
the virus cannot be spread through casual contact
(including skin-to-skin contact without exchange of body
fluids) [3]. Person-to-person transmission occurs through
direct contact with sick patients in both community and
health care settings. Those at greatest risk are persons
living in rural areas where Mastomys are found [6].

The symptoms of Lassa fever show up anytime between
one and three weeks after infection. According to the
CDC, symptoms of Lassa are varied and include fever,
abdominal pain, malaise, headache, sore throat, muscle
pain, chest pain, nausea, vomiting, diarrhea, facial
swelling, protein in the urine, encephalitis, and mucosal
bleeding. Once infection occurs, the time it takes
symptoms to develop, known as the incubation period is
between six to twenty-one days after which an acute illne-

ss with multi-organs involvement develops [8].

Studied by [7] on Lassa fever examined the steady states
of their model for epidemic and endemic situations. A
second model which incorporates the effect of vaccination
on a subset of the target population was proposed. Their
model shows that in the interim control of the rodents
carrying the virus and some isolation policy for infected
individuals are the best strategies against the spread of the
disease. [5] in his work on Lassa separated the susceptible
population into two to get the exposed population, S and
the reversed population E then infective population, I, and
the rat population, R, which he represented by a logistic
model with carrying capacity K. A deterministic model for
Lassa fever disease was developed by [2]. In a population
with vital dynamics, incorporating standard incidence rate,
disease induced death and infection due to humans,
reservoirs and aerosol (airborne) transmissions. They
obtained the basic reproduction number,R, which can be
used to control the transmission dynamics of the disease
and they established the conditions for local and global
stability of the disease-free equilibrium.

2. MODEL DEVELOPMENT

The human population is partitioned into the susceptible
class S(t) and the infected class I(t).Then the virus carrier
(reservoir) population R(T).These populations are
represented by a set of ordinary differential equation. It is
assumed that a portion of the susceptible class may move
to the infected class as a result of interaction with the
infected class or the vector. Also a portion of the infected
class may move to the susceptible class by way of
treatment.

2.1 Basic Assumptions:

i. Members of the susceptible human population S(t)
can move to the infected population I(t) via interaction.

ii. Members of the infected population I(t) can as well
move to the susceptible population via treatment.

iii. It is assumed that the new birth of susceptible S(t)
are susceptible.

iv. Because of high affinity of the Lassa virus with the
placenta, the off-springs of the infected is divided between
the S (t) and I(t) in the proportion of (1 — @) and O
respectively.

v. It is assumed that the virus does not kill the vector
i.e. their death can be naturally or accidental.

2.2 The Model Equations:

as@) _

FTb Bi—mS—(a1+a,R)S+(y+@A-0)p)I (1)

di(t)

i = (0(11 + azR)S - (l’ll + 61 + }/)1 + Qﬁll

(@)
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B = (B, — 1z — 6)R 3)

The parameters of the model equation are defined as
follows:

p, Natural birth for the human population
B, Natural birth for the vector population
u, Natural death rate for the human population
U, Natural death rate for the vector population
6, Death rate for the human population due to infection
8, Death rate of vector population due to other factors
like harvesting, fire,
a4 Contracting rate for the susceptible human population
as a result of interaction with infected human population
a, Contacting rate for the susceptible human population as
a result of interaction with faces and urine infected
reservoir population.

6 The proportion of the off-spring of the infected human
population which are infected at birth 0 < 8 < 1.

3. MODEL ANALYSIS

3.1 Equilibrium States of the Model Analysis:
We now solve the model equations to obtain the
equilibrium states. At equilibrium

ds(t) _ di(t) _ dR(t) _

dt dt dt 0 )
Let
S®M=x 1B =y, RO =z

Then the equations (1) — (3) becomes

Br—mx —(y +a2)x+ (y + (1 = 60)B)y =0 (5)
(y+az)x— (uy +6;, +y—6B,)y =0 6)
(B2 =2 —6)z=0 (N
From (6) we have

z=0 )

Substitute z = 0 in (5) and (6) to have

By = mx = (a1y)x + (y + (1 = 6)B)y = 0 C)
axy— (W +6;+y)y+6By=0 (10)
ayxy— (W +86;,+y—6B)y =0 11)
Expand and add equation (9) and (10) to obtain

X = (B1—p1-81)y+B1 (12)

H1

Now from equation (11), we have

International Journal of Innovation and Research in Educational Sciences

Volume 2, Issue 1, ISSN (Online): 2349-5219

larx — (uy + 6, +y —6B)]y =0 (13)
Eithery = 0 or

ax—(u+ 6, +y—6p) =0,

if y = 0 then substitute y = 0 into equation (12) we obtain

x = % Therefore the disease free equilibrium state of
1

(X, y,7) = (%, 0, 0) (14)
1

Ify = Othen a;x—(uy +6, +y—6B,) =0

X = (U1+61+y —6B1) (15)

a
Substitute equation (15) into (12)

wt+ 6+ V_931:(ﬁ1_#1_51>3’+ﬁ1
ay M1

By cross multiplying and making “ y” the subject of the
formulae we obtain:

U1{p1+81+y—6B1)—azp1
az{Bf1—n1—61)

y= (16)

The endemic equilibrium state

(U1+61+Y—=0B1) H1{H1+81+y—6B1)-a1B1
) = ) ) 1
(3,2 ( ay a{f1—p1—-61) 0) an
3.2 Characteristic Equation:
To obtain the characteristic equation of the model
equation, we obtain first the Jacobian matrix J, which is
defined as presented by Benyah (2008)

—H — a1y —x+y+(1-0)p —QyXx
J= ay ax — (U + 8, +y —6B1) ax
0 0 B2 — 2 — 63

The characteristic equation of the model is defined by
|/ —21|=0

Where A is the Eigen value and I is an identity matrix of 3
x 3

—M—ay—4 —ax+y+(1-06)p; —azX
y=al= a1y ayx = + 6, +y—6p)—1 azx
0 0 Ba—up— 8- 2
=0
- —ayy— A —ax+y+(1-0)p; |
— U, =8, — A ‘ =0
Bomi2 =8 =2) ay ayx =y +6,+y—6p)— 2

(B2 =y —6,—2)=0

Or

(M +ay+ A u + 6, +y— 0B —ayx + ) +
(alzxy —ayy — a1y + 0a By y)=0
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(g + A + 61 +y — 0B —ayx + A) + gy (ug +
8, +y—0B —ayx + A) +(afxy — a;yy — a; fyy +
Oa; B, y)=0

(g + AN + 61 +y — 0B —ayx + A) + gy (ug +
61 - ﬂl + l)=0

(g + A + 6, +y — 0B —ax + A) + ayy (ug + 2)
+ (a1 y(6; —P1)) =0

(U + AN + 6, +y — 0B —ayx t a;y +4) +
(a1y (61 —B1) =0

And so the characteristics equation is given by

Bz =tz =8 = Ay + Ay + 81 +y — 0B —ayx + ayy + A) +
(ay (6, —BN=0 (18)

3.3 Stability Analysis of the Disease Free Equilibr-
ium States:

Having established the equilibrium states. We now
investigate the stability analysis of the zero equilibrium
states. To obtain this, from equation (14) we obtained the
zero equilibrium state

e 5y, 2= (0,0
H

and the characteristics equation for the disease free
equilibrium state is obtained by substituting equation (14)
into (18) to obtain.

(ﬂz_llz_52_1)(.‘11‘*'/1)(.“1+51+V_9.[’)1_‘11%+/1>:0 (19)

Either

(B, — 1, =8, —2) =0 (20)
(i +2)=0 @1
(,ul+61+y—9ﬁ1—a1%+l) (22)

Now Considering (20)
M=B—1—624 <0

FA=p-1-06<0

From (21)

Ay =~y

1) Ifd; < O0then Ay =—p; <0

From(22)
B
l=(9ﬂ1+a1#—1—u1—51— y) <0

1
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OB+ ) <y + 8, +y
BOu + ay) < py(py + 6, +7)

is stable and unstable if

B1(Ous + ay) > puy(ug + 6, +7v)

3.4 Stability Analysis of Endemic Equilibrium State:

Recall that at endemic equilibrium state, (x, y, z) is
given by equation (17) respectively. Here the vector is
absent, but the vector is introduced into the human
population. This is because parts of the human population
already have the virus; more so, (z = 0) does not mean
absence of the virus but rather a Mathematics requirement.
Substituting (17) in to (18), we have

Either

By =, =6, —A=0

Or
(y + ANpy + 61 +y — 08 —ax + a;y + A) +

(a1y (8, —B1) =0 (23)

Further expansion of (23) gives

P2+2AQu;+8;+y—0B —ax + ay)
+ ui{p + 6, +y — 0B — arx + agy)
+ (¥ (61— P1) =0

Equation (23) is of the form

A4+ o+ (pmow+p)=0 (24)
Where w, p are given by

w=pp+6+y—05 —ax+ayy (25)
p = (a1y (6, — B1) (26)

With the variables x and y, given by the equation (15)
and (16) respectively as parameters of the model
equations.

The solution to (24) is

(g, + @)=\ (ar,+ @) —a( g+ p)
2 @7)

A=

The sufficient condition for the stability of the endemic
equilibrium state is that the Eigen values of (27) are
negative (i.e. A <0), otherwise unstable.

For A<0

hence A <0

(1,4 @) (1, 0) ~4( 20+ )
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Squaring both sides to have

[1]

(/,[1+a))2>(/,ll+0))2—4(/,[lQ)+p)lL[lCl)>-—p (28)

[2]

Substituting (25) and (26) into (28) to obtain

wlpy + 61 +y — 0B —ayx + ayy) > —a,y (6, — B1) 3]
[4]

iy + 61 +y — 0B — ayx) > —a;y (61 — By + wq)
g + 61 +y — 0B — ayx) > ay (B — uy—6)
Substitute (17) into (29) to have

(g +6,+y—06By)

P + 81 +y — 0B — aq ( N (7]

ay
paluy + 61 +y — 0B;) — a By
ay{B1 — ty — 61)

0>y {uy + 61 +y — 0B,) — a1 By

> aq

w06y + ayfi>u g + 61 +y)

P16 + ) > (uy + 61 +y) (30)

(30) is stable, otherwise unstable

4. DISCUSSION

The disease free equilibrium state (is a state of complete
Balmbray) _

eradication of Lassa fever) will be stable i p
1

(4, + 6, + y)where Brliab+a1)io the number of latent

H1
infections produced and (u; + 8; + y)is the total removal

rate from the infectious class .We also observed that from

(3.4) stable if Pitafran) o
1

(uq + 8, + y)which implies that the treatment of Lassa

fever could lead to the eradication of the disease hence the
population is sustain.

the endemic state is

5.CONCLUSION

In this paper, we presented a dynamics transmission of
Lassa fever disease. The result of the model analysis shows
that the zero equilibrium state of the model equation will be
stable when the birth rate of the human population is less than
the death rate i.e. §; < y; and same when the birth rate of the
vector is less than the total death rate i.e. B, < u, + 6,.
Further analysis of equation (23); A2 + ad + b = 0 shows that
the non-zero equilibrium state is unstable since a >
0,while b > 0. This confirms the present situation where it is
not practicable to control the vector in the prevalence West
African states.

(29) [5]
(6]

Y (B1 — u1—81) [8]
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